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We explicitly construct non-homogeneous multivariate Pade� approximants to
some functions like

G(x, y) := :

�

k=0

q&k `

k

j=0

(1+q& jx+q&2 jxy),

F(x, y) := :

�

i, j=0

q&(i+ j)2�2xiy j,

and

E(x, y) := :

�

i, j=0

xiy j

[i+ j]q !
,

which satisfy some functional equations, where |q|>1, q # C. � 1998 Academic Press

1. INTRODUCTION

By using the residue theorem and the functional equation method, Prof.
P. B. Borwein [1] has successfully constructed one variable Pade� approxi-
mants to the q-elementary functions like q analogues of exp, log, and partial
theta functions. Similarly in [8], we have constructed non-homogeneous
multivariate Pade� approximants to some functions which satisfy a simple
functional equation

F(q+x, q&y)=R1(x, y) F(x, y), q # C, (1.1)

where F(x, y) is an entire function in C_C, R1(x, y) is a polynomial of
degree 1 in x and y, and +, & are non-negative integers. As the situation is
much more complicated in the multivariate case than in the univariate
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case, only a few functions satisfy the above functional equation (1.1).
Our intention in this paper is to show how to construct non-homogeneous
multivariate Pade� approximants, especially the denominators of these
approximants, to some functions which satisfy some comparatively com-
plicated functional equations. In order to avoid notational difficulties, we
will restrict ourselves to the case of bivariate functions. The generalization
to more than two variables is straightforward (see [4]).

We believe the results to be of interest because there are very few explicit
examples of multivariate Pade� approximants. It is noteworthy that much
of the difficulty in finding explicit formulae for multivariate Pade�
approximants lies in the determination of appropriate index sets for the
numerator and denominator polynomials. It is in the search for the latter
that much of the work of the paper lay.

We recall

Definition. Let

F(x, y) := :
(i, j) # N2

cijxiy j, cij # C (1.2)

be a formal power series, and let M, N, E be index sets in N_N=: N2. The
(M, N) non-homogeneous multivariate Pade� approximant to F(x, y) on the
finite set E is a rational function

[M�N]E (x, y) :=
P(x, y)
Q(x, y)

(1.3)

with polynomials

P(x, y) := :
(i, j) # M

aijxiy j, aij # C, (1.4)

Q(x, y) := :
(i, j) # N

bijxiy j, bij # C, (1.5)

and an interpolation set E, such that

(FQ&P)(x, y)= :
(i, j) # N2"E

dijxiy j, dij # C (1.6)

with

M�E, (1.7)

*(E"M)=*N&1 (1.8)
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and E satisfies the inclusion property:

(i, j) # E, 0�k�i, 0�l� j O (k, l ) # E. (1.9)

The reader may find properties of non-homogeneous multivariate Pade�
approximants discussed in Cuyt [2, 3].

We also need the standard q analogues of factorials and binomial coef-
ficients. The q-factorial is

[n]q ! :=[n]! :=
(1&qn)(1&qn&1) } } } (1&q)

(1&q)n , (1.10)

where [0]q ! :=1. Since (1&qn)�(1&q)=1+q+ } } } +qn&1, it is clear that

lim
q � 1

[n]q !=n !. (1.11)

The q-binomial coefficient is

_n
k&q

:=_n
k& :=

[n]!
[k]! } [n&k]!

, (1.12)

and as above

lim
q � 1 _

n
j&q

=\n
k+ . (1.13)

We note that

`
n

h=0
h{k

(qk&qh)=(&1)k qk(2n&k&1)�2[n&k]! [k]! (1&q)n. (1.14)

We state our results and give examples in Section 2, and prove all the
results in Section 3.

2. RESULTS AND EXAMPLES

Our first main result deals with an interpolation set E that is triangular
in nature; the index set N defining the denominator is square, while the
index set M defining the numerator is the union of a triangle and a square;
in the case m�2n, it reduces to a triangle. In the proof of Theorem 2.1, we
present diagrams of the interpolation, numerator, and denominator index
sets.
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Theorem 2.1. Let m, n # N, m�n+1�1, and

W :=[(i, j): 0�i+ j�m, i, j�0]; (2.1)

N :=[(i, j): 0�i, j�n]; (2.2)

M :=N _ W; (2.3)

E :=[(i, j): 0�i+ j�m+n, i, j�0]. (2.4)

Let q # C and F(x, y) be entire in C_C and satisfy the functional equation

F(qx, qy)=R1(x, y) F(x, y)+R0(x, y), (2.5)

where R1(x, y) is a polynomial of degree 1 in x and y, and R0(x, y) is a poly-
nomial of degree at most 1 in x and y. Let

I(x, y) :=
1

2?i |1

F(tx, ty) dt
(>n

k=0 (t&qk)) tm+1 , (2.6)

where 1 is a circular contour containing 0, q0, q1, ..., qn, and let

Wk(w) :=
(&1)k

(1&q)n [n]! _
n
k& qk(k&1)�2&k(m+n) (2.7)

A(x, y) := :
n

k=0

Wk(q) `
k&1

j=0

R1(q jx, q jy), (2.8)

B(x, y) := :
n

k=0

Wk(q) :
k&1

j=0

R0(q jx, q jy) `
k&1

i= j+1

R1(qix, qiy)

+
1

m !
d m

dtm { F(tx, ty)
>n

k=0 (t&qk= t=0

. (2.9)

Then

(i) I(x, y)=A(x, y) F(x, y)+B(x, y); (2.10)

(ii) I(x, y)= :
(i, j) # N2"E

dijxiy j, dij # C; (2.11)

(iii) A(x, y)= :
(i, j) # N

aijxiy j, aij # C; (2.12)

B(x, y)= :
(i, j) # M

bijxiy j, bij # C; (2.13)

(iv) M�E and *(E"M)�*N&1, (2.14)
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and then the (M, N) non-homogeneous multivariate Pade� approximant to
F(x, y) on set E is

[M�N]E (x, y)=&
B(x, y)
A(x, y)

.

Remark. Here if we let

F(x, y) := :
�

i, j=0

cijxiy j, cij # C,

then B(x, y) can be expressed as

B(x, y) := :
n

k=0

Wk(q) :
k&1

j=0

R0(q jx, q jy) `
k&1

i= j+1

R1(qix, qiy)

+
(&1)n+1

qn(n+1)�2 :
m

l=0
\ :

j0+ } } } + jn=m&l
j0, ..., jn>0

q&�n
k=0

kjk+ :

r+s=l
r, s>0

crsxrys. (2.15)

Example 1. Let q # C, |q|>1, and

G(x, y) := :
�

k=0

q&k `
k

j=0

(1+q& jx+q&2 jxy). (2.16)

Then the functional relation for G(x, y) is

G(qx, qy)= :
�

k=0

q&k `
k

j=0

(1+q& j+1x+q&2 j+2xy)

=(1+qx+q2xy)+ :
�

k=1

q&k `
k

j=0

(1+q& j+1x+q&2 j+2xy)

=(1+qx+q2xy)+ :
�

k=0

q&k&1 `
k+1

j=0

(1+q& j+1x+q&2 j+2xy)

=(1+qx+q2xy)+q&1 :
�

k=0

(1+qx+q2xy) q&k

_ `
k

j=0

(1+q& jx+q&2 jxy)

=(1+qx+q2xy)+q&1(1+qx+q2xy) G(x, y).
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So

R1(x, y)=q&1(1+qx+q2xy); R0(x, y)=1+qx+q2xy.

Now let N, M, E be defined as in (2.2), (2.3), (2.4), respectively, and let

Q(x, y) := :
n

k=0

Wk(q) q&k `
k

j=1

(1+q jx+s2 jxy), (2.17)

P(x, y) := :
n

k=0

Wk(q) :
k

j=1

q j&k `
k

i= j+1

(1+qix+q2ixy)

+
1

m !
d m

dtm { G(tx, ty)
>n

k=0 (t&qk)= t=0

, (2.18)

where Wk(q) is defined by (2.7). Then by the theorem above, we have for
G(x, y)

[M�N]E (x, y)=&
P(x, y)
Q(x, y)

. (2.19)

As a preliminary to our second main result, we state some simple conse-
quences of a functional relation.

Theorem 2.2. Let F(x, y) be entire in C_C and satisfy the functional
equation

F(qx, qy)=R1(x, y) F(x, y)+u(x) F(x, 0)

+v( y) F(0, y)+R0(x, y), (2.20)

where R1(x, y) is a polynomial of degree 1 in x and y, u(x) and v( y) are
polynomials of degree at most 1 in x and y, respectively, and R0(x, y) is a
polynomial of degree at most 1 in x and y.

(a) Then

F(qx, 0)=(R1(x, 0)+u(x)) F(x, 0)+v(0) F(0, 0)+R0(x, 0)

=: u1(x) F(x, 0)+u0(x); (2.21)

F(0, qy)=(R1(0, y)+v( y)) F(0, y)+u(0) F(0, 0)+R0(0, y)

=: v1( y) F(0, y)+v0( y). (2.22)
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(b) For integers k�1,

F(qkx, 0)= \ `
k&1

j=0

u1(q jx)+ F(x, 0)+ :
k&1

j=0

u0(q jx) `
k&1

i= j+1

u1(qix)

=: u1, k(x) F(x, 0)+u0, k(x); (2.23)

F(0, qky)= \ `
k&1

j=0

v1(q jy)+ F(0, y)+ :
k&1

j=0

v0(q jy) `
k&1

i= j+1

u1(qiy)

=: v1, k( y) F(0, y)+v0, k( y). (2.24)

(c) For integers k�1,

F(qkx, qky)=R1, k(x, y) F(x, y)+Sk(x, y) F(x, 0)

+Tk(x, y) F(0, y)+R0, k(x, y), (2.25)

where

R1, k(x, y) := :
k&1

j=0

R1(q jx, q jy), (2.26)

Sk(x, y) := :
k&1

j=0

u(q jx) u1, j (x) `
k&1

i= j+1

R1(qix, qiy), (2.27)

Tk(x, y) := :
k&1

j=0

v(q jy) v1, j ( y) `
k&1

i= j+1

R1(qix, qiy), (2.28)

and

R0, k(x, y) := :
k&1

j=0

[R0(q jx, q jy)+u(q jx) u0, j (x)+v(q jy) v0, j ( y)]

_ `
k&1

i= j+1

R1(qix, qiy). (2.29)

(Here we set v1, 0=u1, 0 :=1; v0, 0=u0, 0 :=0.)

Now we can give explicit expressions for multivariate Pade� approximants
to functions satisfying (2.20). Again our index set N for the denominator
polynomial is a square, while the index set M is a union of a triangle and
two rectangles; and the interpolation set E is a union of a triangle and a
trapezium.
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Theorem 2.3. Let m, n # N, m�(n+3)�2, n�0, and

U :=[(i, j): 0�i�m+2n, 0� j�n]; (2.30)

V :=[(i, j): 0�i�n, 0� j�m+2n]; (2.31)

W :=[(i, j): 0�i+ j�m+2n, i, j�0]; (2.32)

N :=[(i, j): 0�i, j�n]; (2.33)

M :=U _ V _ W; (2.34)

E :=[(i, j): 0�i, j�m+2n, i+ j�m+3n]. (2.35)

Let F(x, y) be entire in C_C and satisfy the functional equation (2.20),
and let

I(x, y)=
1

2?i |1

F(tx, ty) dt
(>n

k=0 (t&qk)) tm+2n+2 , (2.36)

where 1 is a circular contour containing 0, q0, q1, ..., qn (see Figs. 1�4).
Let

W$k(q) :=
(&1)k

(1&q)n [n]! _
n
k& qk(k&1)�2&k(m+3n), (2.37)

R(x, y) := :
n

k=0

W$k(q) R1, k(x, y), (2.38)

S(x, y) := :
n

k=0

W$k(q) Sk(x, y), (2.39)

T(x, y) := :
n

k=0

W$k(q) Tk(x, y), (2.40)

and

D(x, y) := :
n

k=0

W$k(q) R0, k(x, y)

+
1

(m+2n)!
d m+2n

dtm+2n { F(tx, ty)
>n

k=0 (t&qk= t=0

, (2.41)
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Fig 1. Index set N for the denominator polynomial.

where R1, k(x, y), Sk(x, y), Tk(x, y), and R0, k(x, y) are defined by (2.26) to
(2.29), respectively. Then

(i) I(x, y) :=R(x, y) F(x, y)+S(x, y) F(x, 0)

T(x, y) F(0, y)+D(x, y); (2.42)

(ii) I(x, y) := :
(i, j) # N2"E

dijxiy j, dij # C; (2.43)

(iii) D(x, y) is a polynomial on the set W, R(x, y), S(x, y), and
T(x, y) are all polynomials on the set N, and we can set

S(x, y) := :
n

i, j=0

sijxiy j, sij # C, (2.44)

T(x, y) := :
n

i, j=0

tijxiy j, tij # C; (2.45)

(iv) if we let

Fk(x, 0) := :
k

i=0

ci0 xi, (2.46)

Fl (0, y) := :
l

j=0

c0 j y j, (2.47)
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Fig. 2. Interpolation set E.

Fig. 3. Index set M for the numerator polynomial.
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Fig. 4. Set E"M in conclusion (v) of Theorem 2.3.

and let

B(x, y) := :
n

i, j=0

sijxiy jFm+2n&i (x, 0)

+ :
n

i, j=0

tijxiy jFm+2n& j (0, y)+D(x, y), (2.48)

then

B(x, y)= :
(i, j) # M

bijxiy j, bij # C; (2.49)

and

R(x, y) F(x, y)+B(x, y)= :
(i, j) # N2"E

eijxiy j, eij # C; (2.50)

(v) M�E and *(E"M)�*N&1, (2.51)

and then the (M, N) non-homogeneous multivariate Pade� approximant to
F(x, y) on the set E is

[M�N]E (x, y)=&
B(x, y)
R(x, y)

.
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Remark. Again if we let

F(x, y) := :
�

i, j=0

cijxiy j,

then D(x, y) defined by (2.41) can be expressed as

D(x, y) := :
n

k=0

W$k(q) R0, k(x, y)+(&1)n+1 q&n(n+1)�2

_ :
m+2n

l=0
\ :

j0+ } } } + jn=m+2n&l
j0, ..., jn�o

q&�n
k=0

kjk+ :

r+s=l
r, s�0

crsxrys,

and then B(x, y) defined by (2.48) can be expressed as

B(x, y) := :
n

i, j=0

sijxiy jFm+2n&i (x, 0)+ :
n

i, j=0

tijxiy jFm+2n& j (0, y)

+ :
n

k=0

W$k(q) R0, k(x, y)+(&1)n+1 q&n(n+1)�2

_ :
m+2n

l=0
\ :

j0+ } } } + jn=m+2n&l
j0, ..., jn�o

q&�n
k=0

kjk+ :

r+s=l
r, s�0

crsxrys. (2.52)

Example 2. Let |q|>1, and

F(x, y) := :
�

i, j=0

q&(i+ j)2�2xiy j. (2.53)

This is a multivariate form of the partial theta function investigated in
[7]:

F(qx, qy)= :
�

i, j=0

q&(i+ j)2�2+(i+ j)xiy j

= :
�

i=0

q&i2�2+ixi+ :
�

i=0

:
�

j=1

q&(i+ j)2�2+(i+ j)xiy j

=1+ :
�

i=0

q&(i+1)(i&1)�2xi+1+ :
�

i, j=0

q&(i+ j+1)(i+ j&1)�2xiy j+1

=1+q1�2x :
�

i=0

q&i2�2xi+q1�2y :
�

i, j=0

q&(i+ j)2�2xiy j

=1+q1�2xF(x, 0)+q1�2yF(x, y). (2.54)
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Similarly,

F(qx, qy)=1+q1�2yF(0, y)+q1�2xF(x, y). (2.55)

Equations (2.54)+(2.55):

F(qx, qy)= 1
2 q1�2(x+ y) F(x, y)+ 1

2q1�2xF(x, 0)

+ 1
2q1�2yF(0, y)+1 (2.56)

so if we let

R1(x, y)= 1
2q1�2(x+ y), (2.57)

and define M, N, E as in Theorem 2.3, then we can explicitly construct the
(M, N) non-homogenous multivariate Pade� approximant to F(x, y) on the
set E. The denominator of [M�N]E (x, y) to F(x, y) is

R(x, y)= :
n

k=0

W$k(q) `
k&1

j=0

R1(q jx, q jy)

=
1

(1&q)n [n]!
:
n

k=0

(&1)k

2k _n
k& qk2&k(m+3n+1�2)(x+ y)k, (2.58)

by (2.37).

Example 3. Let |q|>1, [n]! :=[n]q !, and

E(x, y) := :
�

i, j=0

xiy j

[i+ j]!
. (2.59)

Then

E(qx, qy)= :
�

i, j=0

qi+ jxiy j

[i+ j]!

= :
�

i, j=0

(qi+ j&1) xiy j

[i+ j]!
+ :

�

i, j=0

xiy j

[i+ j]!

= :
�

i=0

(qi&1) xi

[i]!
+ :

�

i=0

:
�

j=1

(qi+ j&1) xiy j

[i+ j] !
+E(x, y)

= :
�

i=1

(q&1) xi

[i&1]!
+ :

�

i=0

:
�

j=1

(q&1) xiy j

[i+ j&1]!
+E(x, y)

= :
�

i=0

(q&1) xi+1

[i]!
+ :

�

i, j=0

(q&1) xiy j+1

[i+ j]!
+E(x, y)

=(q&1) xE(x, 0)+(q&1) yE(x, y)+E(x, y)

=[1+(q&1) y] E(x, y)+(q&1) xE(x, 0). (2.60)
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Similarly,

E(qx, qy)=[1+(q&1) x] E(x, y)+(q&1) yE(0, y). (2.61)

So

E(qx, qy)=[1+ 1
2(q&1)(x+ y)] E(x, y)

+ 1
2(q&1) xE(x, 0)+ 1

2(q&1) yE(0, y). (2.62)

So if we let

R1(x, y) :=1+ 1
2(q&1)(x+ y), (2.63)

and define M, N, E as in Theorem 2.3, then we can explicitly construct the
(M, N) non-homogeneous multivariate Pade� approximant to E(x, y) on
the set E, and the denominator of [M�N]E (x, y) to E(x, y) is

R(x, y)= :
n

k=0

W$k(q) `
k&1

j=0

R1(q jx, q jy)

=
1

(1&q)n [n]!
:
n

k=0

(&1)k _n
k& qk(k&1)�2&k(m+3n)

_ `
k&1

j=0

R1(q jx, q jy). (2.64)

Next we consider the same interpolation, numerator, and denominator
sets as in Theorem 2.3, with a different functional equation. There is over-
lap between the type of functions satisfying (2.20) and those satisfying
(2.66).

Theorem 2.4. Let U, V, W, N, M, E be defined as in Theorem 2.3. Let
q # C, and

F(x, y) :=Fq(x, y) := :
�

i, j=0

cijxiy j (2.65)

be entire in C_C and let it satisfy the following functional equation: for
integers +, &�0,

c(q, +, &) x+y&F(q++&x, q++&y)

=F(x, y)&\ :
+&1

i=0

:
�

j=0

+ :
�

i=0

:
&&1

j=0

& :
+&1

i=0

:
&&1

j=0
+ cijxiy j, (2.66)
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where c(q, +, &){0 is a constant depending on q, +, and &. Let

I(x, y)=
1

2?i |1

xnynF(tx, ty) dt
(>n

k=0 (t&qk)) tm+1 , (2.67)

where 1 is a circular containing 0, q0, q1, ..., qn, and let Wk(q) be defined by
(2.7) and

A(x, y) := :
n

k=0

Wk(q) :
++&=k

:+&kc&1(q, +, &) xn&+yn&&, (2.68)

where :+&k # C are given by

:
++&=k

:+&k=1, (2.69)

and let

B(x, y) :=
xnyn

m !
d m

dtm { F(tx, ty)
>n

k=0(t&qk)= t=0

& :
n

k=0

Wk(q) :
++&=k

:+&k c&1(q, +, &) xn&+yn&&

_\ :
+&1

i=0

:
m+n+&

j=0

+ :
m+n++

i=0

:
&&1

j=0

& :
+&1

i=0

:
&&1

j=0
+ cij xiy j. (2.70)

Then

(i) A(x, y) F(x, y)+B(x, y)= :
(i, j) # N2"E

dijxiy j, dij # C; (2.71)

(ii) A(x, y)= :
(i, j) # N

aijxiy j, aij # C, (2.72)

B(x, y)= :
(i, j) # M

bijxiy j, bij # C; (2.73)

(iii) M�E and *(E"M)�*N&1, (2.74)

and then the (M, N) non-homogeneous multivariate Pade� approximant to
F(x, y) on the set E is

[M�N]E (x, y)=&
B(x, y)
A(x, y)

. (2.75)
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The reader may find the presence of the arbitrary constants :+&k discon-
certing. This is evidence of the high degree of non-uniqueness or non-nor-
mality of the unreduced forms of the numerators and denominators of mul-
tivariate Pade� approximants. See Cuyt [2] for a discussion of uniqueness
of the reduced form.

Example 4. Let |q|<1, and

F(x, y) := :
�

i, j=0

q(i+ j)(i+ j&1)�2xiy j. (2.76)

Note that this is the same function as in Example 2, modulo an inversion
q � 1�q and a scaling of the variables x, y. However, we believe the alter-
native formulation is of some interest.

For +, &�0,

q(++&)(++&&1)�2x+y&F(q++&x, q++&y)

= :
�

i, j=0

q(i+ j)(i+ j&1)�2+(++&)(i+ j)+(++&)(++&&1)�2x++iy&+ j

= :
�

i, j=0

q(i+ j+++&)(i+ j+++&&1)�2x++iy&+ j

= :
�

i=+

:
�

j=&

q(i+ j)(i+ j&1)�2xiy j

=F(x, y)&\ :
+&1

i=0

:
�

j=0

+ :
�

i=0

:
&&1

j=0

& :
+&1

i=0

:
&&1

j=0
+ cijxiy j. (2.77)

Then if M, N, E are defined as in Theorem 2.4, we can explicitly con-
struct the (M, N) non-homogeneous multivariate Pade� approximant to
F(x, y) on the set E, and the denominator of [M�N]E (x, y) to F(x, y) is

A(x, y)= :
n

k=0

Wk(q) :
++&=k

:+&k q&(++&)(++&&1)�2xn&+yn&&

= :
n

k=0

Wk(q) q&k(k&1)�2 :
++&=k

:+&k xn&+yn&&

=
1

(1&q)n [n]!
:
n

k=0

(&1)k _n
k& q&k(m+n) :

++&=k

:+&k xn&+yn&&,

(2.78)

by (2.7), where :+&k is defined by (2.69).
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Now if we let

A*(x, y) :=q2n(m+n)(1&q)n [n]! A(x, y), (2.79)

then the denominator of [M�N]E (x, y) to F(x, y) is

A*(x, y)=q2n(m+n)(1&q)n [n]! A(x, y)

= :
n

k=0

(&1)k _n
k& q2n(m+n)&k(m+n) :

++&=k

:+&k xn&+yn&&

= :
n

k=0

(&1)k _n
k& :

++&=k

:+&kq(m+n)(2n&+&&)xn&+yn&&

= :
n

k=0

(&1)2n&k _n
k& :

++&=k

:+&k

_q(m+n)(n&+)+(m+n)(n&&)xn&+yn&&

= :
n

k=0 _
n
k& :

++&=k

:+&k(&qm+nx)n&+ (&qm+ny)n&&. (2.80)

We note that this result is very similar to the result obtained by P. Wynn
(see [1, 7]) for the one variable partial theta function:

Tq(x) := :
�

j=0

q j( j&1)�2x j, |q|<1. (2.81)

The denominator of the (m, n) Pade� approximant to Tq(x) is

Rm, n(x)= :
n

k=0
_n

k& (&qmx)k (m�n&1�0). (2.82)

Lubinsky and Saff have investigated the distribution of the zeros of Rm, n ,
the Rogers�Szego� polynomials, in detail (see [7]) and proved some sur-
prising convergence results to Tq(x). We hope to provide a similar analysis
for the multivariate partial theta function along the lines of the results of
Driver [5, 6].

3. PROOFS

Proof of Theorem 2.1. (i) From the functional equation (2.5), we have
for k�1,
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F(qkx, qky)=F(q } qk&1x, q } qk&1y)

=R1(qk&1x, qk&1y) F(qk&1x, qk&1y)+R0(qk&1x, qk&1y)

=R1(qk&1x, qk&1y) R1(qk&2x, qk&2y) F(qk&2x, qk&2y)

+R1(qk&1x, qk&1y) R0(qk&2x, qk&2y)+R0(qk&1x, qk&1y)

= } } }

=\ `
k&1

j=0

R1(q jx, q jy)+ F(x, y)

+ :
k&1

j=0

R0(q jx, q jy) `
k&1

i= j+1

R1(qix, qiy). (3.1)

Now by the residue theorem and (3.1),

I(x, y)=
1

2?i |1

F(tx, ty) dt
(>n

k=0(t&qk)) tm+1

= :
n

k=0

Wk(q) F(qkx, qky)+
1

m !
d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0

= :
n

k=0

Wk(q) \ `
k&1

j=0

R1(q jx, q jy)+ F(x, y)

+ :
n

k=0

Wk(q) :
k&1

j=0

R0(q jx, q jy) `
k&1

i= j+1

R1(qix, qiy)

+
1

m !
d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0

=A(x, y) F(x, y)+B(x, y).

This completes the proof of (i).

(ii) As F(x, y) is entire in C_C, we have the Taylor expansion of
F(x, y):

F(x, y)= :
(i, j) # N2

cijxiy j, cij # C. (3.2)

So

F(tx, ty)= :
(i, j) # N2

cij ti+ jxiy j. (3.3)

From (2.6) we observe that the denominator in I(x, y) is a polynomial
of degree m+n+2 in t, and then any terms of F(tx, ty) of order less than
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m+n+1 in t vanish on integration, so (2.11) holds. This completes the
proof of (ii).

(iii) As R1(x, y) is a polynomial of degree 1 in x and y, then
>k&1

j=0 R1(q jx, q jy) is a polynomial of degree k in x and y. Thus A(x, y) is
a polynomial of degree n in x and y, i.e., (2.12) holds. Now we observe that

d m

dtm (tl) | t=0=0, l>m;

then

d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0

= :
(i, j) # W

b$ij xiy j, b$ij # C. (3.4)

Also

:
n

k=0

Wk(q) :
k&1

j=0

R0(q jx, q jy) `
k&1

i= j+1

R1(qix, qiy)

= :
(i, j) # N

b"ijxiy j, b"ij # C. (3.5)

Then B(x, y) is a polynomial on the set M, i.e., (2.13) holds.

(iv) See Fig. 5 for n<m<2n and Fig. 6 for m�2n.

Fig. 5. Index sets M, N and interpolation set E (for n<m<2n).
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Fig. 6. Index sets M, N and interpolation set E (for m>2n).

Now M�E is obvious, and

*W=*[(i, j): 0�i+ j�m, i, j�0]

=
(m+1)(m+2)

2
.

For n<m<2n, i.e., n+1�m�2n&1 (see Fig. 5),

m&n�1 and 2n&m�1, (3.6)

and

*M=*N+2 }
(m&n)(m&n+1)

2

=(n+1)2+(m&n)(m&n+1)

=m2+2n2&2mn+m+n+1,

*E=
(m+n+1)(m+n+2)

2
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so

*(E"M)= 1
2(m+n+1)(m+n+2)&(m2+2n2&2mn+m+n+1)

=3mn& 1
2m2& 3

2n2+ 1
2m+ 1

2n

=mn& 1
2m(m&n)+ 3

2n(m&n)+ 1
2(m+n)

=mn+ 1
2(m&n)(3n&m)+ 1

2(m+n)

�mn+ 1
2(n+1)+ 1

2(m+n) (by (3.6))

�(n+1) n+ 1
2n+ 1

2(n+n)+ 1
2

�n2+2n

=*N&1.

Now for m�2n, we have N/M, and

E"M=[(i, j): m+1�i+ j�m+n, i, j�0];

then

*(E"M)=
(m+n+1)(m+n+2)

2
&

(m+1)(m+2)
2

=
n(2m+n+3)

2

�
n(5n+3)

2
(as m�2n)

�n2+2n

=*N&1. (3.7)

Then for all m�n+1,

*(E"M)�*N&1.

Combining (i)�(iv), we have

[M�N]E (x, y)=&
B(x, y)
A(x, y)

.

Finally as we let

F(x, y) := :
�

i, j=0

cijxiy j,
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and

1
>n

k=0 (t&qk)
=(&1)n+1 q&n(n+1)�2 `

n

k=0
\1&

t
qk+

&1

=
(&1)n+1

qn(n+1)�2 `
n

k=0
\ :

�

j=0
\ t

qk+
j

+
=

(&1)n+1

qn(n+1)�2 :
j0, j1, ..., jn�0

t j0+ j1+ } } } + jnq&�n
k=0

kjk,

then

F(tx, ty)
>n

k=0 (t&qk)

= :
�

r, s=0

(&1)n+1

qn(n+1)�2 crs tr+sxrys :
j0, j1, ..., jn�0

t j0+ j1+ } } } + jnq&� n
k=0

kjk

= :
�

r, s=0

(&1)n+1

qn(n+1)�2 crs xrys :
j0, j1, ..., jn�0

t j0+ j1+ } } } + jn+r+sq&� n
k=0

kjk,

and

1
m !

d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0

=
(&1)n+1

m ! qn(n+1)�2 :

r+s+ j0+ } } } + jn=m
r, s, j0, ..., jn�0

m ! crsxrysq&�n
k=0

kjk

=
(&1)n+1

qn(n+1)�2 :
m

l=0
\ :

j0+ } } } + jn=m&l
j0, ..., jn�o

q&�n
k=0

kjk+ :

r+s=l
r, s�0

crsxrys,

and then

B(x, y) := :
n

k=0

Wk(q) :
k&1

j=0

R0(q jx, q jy) `
k&1

i= j+1

R1(qix, qiy)

+(&1)n+1 q&n(n+1)�2 :
m

l=0
\ :

j0+ } } } + jn=m&l
j0, ..., jn�o

q&�n
k=0

kjk+ :

r+s=l
r, s�0

crsxrys.

This completes the proof of Theorem 2.1. K
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Proof of Theorem 2.2. The assertions (2.21) and (2.22) follow by setting
x=0 and y=0 in (2.20), respectively. The assertions (2.23) and (2.24)
easily follow by induction of the functional equations (2.21) and (2.22).
Now we prove (2.25).

If we let R1, 1 , S1 , T1 , R0, 1 be defined by (2.26) to (2.29), then (2.20)
directly shows that (2.25) holds for k=1. From (2.20)�(2.22)

F(q2x, q2y)=F(q } qx, q } qy)

=R1(qx, qy)[R1(x, y) F(x, y)+u(x) F(x, 0)

+v( y) F(0, y)+R0(x, y)]+u(qx)(u1(x) F(x, 0)+u0(x))

+v(qy)(v1( y) F(0, y)+v0( y))+R0(qx, qy)

=R1(qx, qy) R1(x, y) F(x, y)

+[R1(qx, qy) u(x)+u(qx) u1(x)] F(x, 0)

+[R1(qx, qy) v( y)+v(qy) v1( y)] F(0, y)

+[R0(qx, qy)+R0(x, y) R1(qx, qy)

+u(qx) u0(x)+v(qy) v0( y)]

=R1, 2(x, y) F(x, y)+S2(x, y) F(x, 0)

+T2(x, y) F(0, y)+R0, 2(x, y);

then (2.25) holds for k=2. Now we assume that (2.25) holds for k=n�1,
i.e.,

F(qnx, qny)=R1, n(x, y) F(x, y)+Sn(x, y) F(x, 0)

+Tn(x, y) F(0, y)+R0, n(x, y), (3.8)

where R1, n(x, y), Sn(x, y), Tn(x, y), and R0, n(x, y) are defined by (2.26) to
(2.29). Then by (2.20), (2.23), and (2.24), for k=n+1,

F(qn+1x, qn+1y)=F(q } qnx, q } qny)

=R1(qnx, qny) F(qnx, qny)+u(qnx) F(qnx, 0)

+v(qny) F(0, qny)+R0(qnx, qny)

=R1(qnx, qny)[R1, n(x, y) F(x, y)

+Sn(x, y) F(x, 0)+Tn(x, y) F(0, y)

+R0, n(x, y)]+u(qnx)[u1, n(x) F(x, 0)+u0, n(x)]

+v(qny)[v1, n( y) F(0, y)+v0, n( y)]+R0(qnx, qny)
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=R1(qnx, qny) R1, n(x, y) F(x, y)+[R1(qnx, qny) Sn(x, y)

+u(qnx) u1, n(x)] F(x, 0)+[R1(qnx, qny) Tn(x, y)

+v(qny) v1, n( y)] F(0, y)+[R1(qnx, qny) R0, n(x, y)

+u(qnx) u0, n(x)+v(qny) v0, n( y)+R0(qnx, qny)]. (3.9)

Now

R1(qnx, qny) R1, n(x, y)=R1, n+1(x, y),

R1(qnx, qny) Sn(x, y)+u(qnx) u1, n(x)

=R1(qnx, qny) :
n&1

j=0

u(q jx) u1, j (x) `
n&1

i= j+1

R1(qix, qiy)+u(qnx) u1, n(x)

= :
n&1

j=0

u(q jx) u1, j (x) `
n

i= j+1

R1(qix, qiy)+u(qnx) u1, n(x)

= :
n

j=0

u(q jx) u1, j (x) `
n

i= j+1

R1(qix, qiy)

=Sn+1(x, y);

similarly,

R1(qnx, qny) Tn(x, y)+v(qny) v1, n( y)=Tn+1(x, y),

and

R1(qnx, qny) R0, n(x, y)+u(qnx) u0, n(x)+v(qny) v0, n( y)+R0(qnx, qny)

=R1(qnx, qny) :
n&1

j=0

[R0(q jx, q jy)+u(q jx) u0, j (x)

+v(q jy) v0, j ( y)] `
n&1

i= j+1

R1(qix, qiy)+u(qnx) u0, n(x)

+v(qny) v0, n( y)+R0(qnx, qny)

= :
n&1

j=0

[R0(q jx, q jy)+u(q jx) u0, j (x)+v(q jy) v0, j ( y)] `
n

i= j+1

R1(qix, qiy)

+u(qnx) u0, n(x)+v(qny) v0, n( y)+R0(qnx, qny)

= :
n

j=0

[R0(q jx, q jy)+u(q jx) u0, j (x)+v(q jy) v0, j ( y)] `
n

i= j+1

R1(qix, qiy)

=R0, n+1(x, y).
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Putting above three equations into (3.9), we have

F(qn+1x, qn+1y)=R1, n+1(x, y) F(x, y)+Sn+1(x, y) F(x, 0)

+Tn+1(x, y) F(0, y)+R0, n+1(x, y), (3.10)

i.e., (2.25) holds for k=n+1. By mathematical induction, we have that
(2.25) holds for all integers k�1.

This completes the proof of Theorem 2.2. K

Proof of Theorem 2.3. (i) By the residue theorem and Theorem 2.2,

I(x, y)=
1

2?i |1

F(tx, ty) dt
(>n

k=0 (t&qk)) tm+2n+1

= :
n

k=0

F(qkx, qky)
(>n

h=0, h{k (qk&qh)) qk(m+2n+1)

+
1

(m+2n)!
d m+2n

dtm+2n { F(tx, ty)
>n

k=0 (t&qk)= t=0

= :
n

k=0

W$k(q)[R1, k(x, y) F(x, y)+Sk(x, y) F(x, 0)

+Tk(x, y) F(0, y)+R0, k(x, y)]

+
1

(m+2n)!
d m+2n

dtm+2n { F(tx, ty)
>n

k=0 (t&qk)= t=0

=R(x, y) F(x, y)+S(x, y) F(x, 0)+T(x, y) F(0, y)+D(x, y).

Parts (ii) and (iii) are obvious.

(iv) From (i) and (iii),

I(x, y)=R(x, y) F(x, y)+S(x, y) F(x, 0)+T(x, y) F(0, y)+D(x, y)

=R(x, y) F(x, y)+ :
n

i, j=0

sijxiy jF(x, 0)

+ :
n

i, j=0

tijxiy jF(0, y)+D(x, y)

=R(x, y) F(x, y)+B(x, y)+ :
n

i, j=0

sijxiy j :
�

k=m+2n&i+1

ck0xk

+ :
n

i, j=0

tijxiy j :
�

l=m+2n& j+1

c0lyl, (3.11)
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where B(x, y) is defined by (2.48). Now as D(x, y) is a polynomial on the
set W, and

:
n

i, j=0

sijxiy jFm+2n&i (x, 0)= :
n

i, j=0

sijxiy j :
m+2n&i

k=0

ck0 xk

= :
n

i, j=0

sij y j :
m+2n&i

k=0

ck0xk+i

=: :
(i, j) # U

uijxiy j, uij # C, (3.12)

and similarly

:
n

i, j=0

tijxiy jFm+2n& j (0, y)= :
(i, j) # V

vijxiy j, vij # C, (3.13)

then B(x, y) is a polynomial on the set M, i.e., (2.49) holds. Now in (3.8),

:
n

i, j=0

sijxiy j :
�

k=m+2n&i+1

ck0xk= :
n

i, j=0

sij y j :
�

k=m+2n+1

ck&i, 0xk

=: :
�

i=m+2n+1

:
n

j=0

gij xiy j, gij # C, (3.14)

:
n

i, j=0

tijxiy j :
�

l=m+2n& j+1

c0lyl = :
n

i, j=0

tijxi :
�

l=m+2n+1

c0, l& j yl

=: :
n

i=0

:
�

j=m+2n+1

hijxiy j, hij # C, (3.15)

and from (ii), I(x, y) involves only term xiyi with (i, j) # N2"E; then we
have

R(x, y) F(x, y)+B(x, y)= :
(i, j) # N2"E

eijxiy j, eij # C.

This completes the proof of (iv).

(v) M�E is obvious (see Figs. 1 to 4), and

E"M=[(i, j): i, j�n+1, m+2n<i+ j�m+3n]

=[(i, j): i, j�n+1, m+2n+1�i+ j�m+3n],
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so

*(E"M)=*[(i, j): i, j�n+1, m+2n+1�i+ j�m+3n]

=*[(i, j): i, j�1, m+1�i+ j�m+n]

= 1
2(m+n)(m+n+1)& 1

2 m(m+1)

= 1
2n(2m+n+1)

�n2+2n

=*N&1,

provided

1
2

n(2m+n+1)&(n2+2n)�0 � m�
n+3

2
. (3.16)

As we assumed this, we have the result.
Combining (i)�(iv), we have for F(x, y),

[M�N]E (x, y)=&
B(x, y)
R(x, y)

.

Similar to the proof of (2.15) in Theorem 2.1, we have (2.52).
This completes the proof of Theorem 2.3. K

Proof of Theorem 2.4. (i) By the residue theorem and the functional
equation (2.66),

I(x, y)= :
n

k=0

xnynF(qkx, qky
(>n

h=0, h{k (qk&qh)) qk(m+1)+
xnyn

m !
d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0

= :
n

k=0

Wk(q) :
++&=k

:+&kxn&+yn&&x+y&F(q++&x, q++&y)

+
xnyn

m !
d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0

= :
n

k=0

Wk(q) :
++&=k

:+&kc&1(q, +, &) xn&+yn&&

__F(x, y)&\ :
+&1

i=0

:
�

j=0

+ :
�

i=0

:
&&1

j=0

& :
+&1

i=0

:
&&1

j=0
+ cijxiy j&

+
xnyn

m !
d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0
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= :
n

k=0

Wk(q) :
++&=k

:+&kc&1(q, +, &) xn&+yn&&F(x, y)

& :
n

k=0

Wk(q) :
++&=k

:+&k c&1(q, +, &) xn&+yn&&

_\ :
+&1

i=0

:
m+n+&

j=0

+ :
m+n++

i=0

:
&&1

j=0

& :
+&1

i=0

:
&&1

j=0
+ cijxiy j

& :
n

k=0

Wk(q) :
++&=k

:+&k c&1(q, +, &) xn&+yn&&

_\ :
+&1

i=0

:
�

j=m+n+&+1

+ :
�

i=m+n+++1

:
&&1

j=0
+ cijxiy j

+
xnyn

m !
d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0

=A(x, y) F(x, y)+B(x, y)&D(x, y), (3.17)

where

D(x, y) := :
n

k=0

Wk(q) :
++&=k

:+&k c&1(q, +, &) xn&+yn&&

_\ :
+&1

i=0

:
�

j=m+n+&+1

+ :
�

i=m+n+++1

:
&&1

j=0

& :
+&1

i=0

:
&&1

j=0 + cijxiy j,

(3.18)

so

A(x, y) F(x, y)+B(x, y)=I(x, y)+D(x, y). (3.19)

From (2.67) we observe that the denominator in I(x, y) is a polynomial
of degree m+n+2. Then any terms of F(tx, ty) of orderless than m+n+1
in t vanish on integration, so

I(x, y)=xnyn :
i+ j�m+n+1

eijxiy j, eij # C

=: :
(i, j) # I

e*ijxiy j, e*ij # C, (3.20)

where

I :=[(i, j): i, j�n, i+ j�m+3n+1], (3.21)
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and

I/N2"E. (3.22)

Now from (3.18), we have

D(x, y)= :
(i, j) # D

hijxiy j, hij # C, (3.23)

where

D :=[(i, j): 0�i�n, j�m+2n+1]

_ [(i, j): i�m+2n+1, 0� j�n], (3.24)

and

D/N2"E. (3.25)

Combining (3.19), (3.20), and (3.23), we have (2.71).
This completes the proof of (i).

(ii) (2.72) is obvious. We know that

d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0

= :
0�i+ j�m

qij xiy j, gij # C; (3.26)

then

xnyn

m!
d m

dtm { F(tx, ty)
>n

k=0 (t&qk)= t=0

= :
(i, j) # W

g*ij xiy j, g*ij # C. (3.27)

Now

:
n

k=0

Wk(q) :
++&=k

:+&k c&1(q, +, &) xn&+yn&& :
+&1

i=0

:
m+n+&

j=0

cijxiy j

= :
(i, j) # V

vij xiy j, vij # C, (3.28)

:
n

k=0

Wk(q) :
++&=k

:+&k c&1(q, +, &) xn&+yn&& :
m+n++

i=0

:
&&1

j=0

cijxiy j

= :
(i, j) # U

uijxiy j, uij # C, (3.29)

:
n

k=0

Wk(q) :
++&=k

:+&k c&1(q, +, &) xn&+yn&& :
+&1

i=0

:
&&1

j=0

cijxiy j

= :
(i, j) # N

nijxiy j, nij # C. (3.30)

Combining (2.34), (2.70), and (3.27)�(3.30), we have (2.73).
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This completes the proof of (ii).
Part (iii) is the same as (v) in Theorem 2.3.
This completes the proof of Theorem 2.4. K
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