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We explicitly construct non-homogeneous multivariate Padé approximants to
some functions like

e) k
=Y ¢ Il U+q x+q ¥xy),
k=0 j=0
Z SRy,
and
© gy
Z: [l+.]]q"

which satisfy some functional equations, where |g| >1, ge C.  © 1998 Academic Press

1. INTRODUCTION

By using the residue theorem and the functional equation method, Prof.
P. B. Borwein [ 1] has successfully constructed one variable Padé approxi-
mants to the g-elementary functions like ¢ analogues of exp, log, and partial
theta functions. Similarly in [8], we have constructed non-homogeneous
multivariate Padé approximants to some functions which satisfy a simple
functional equation

Fq"x,q"y) =R(x, y) F(x, y), qgeC, (L.1)

where F(x, y) is an entire function in Cx C, Ry(x, y) is a polynomial of
degree 1 in x and y, and u, v are non-negative integers. As the situation is
much more complicated in the multivariate case than in the univariate
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case, only a few functions satisfy the above functional equation (1.1).
Our intention in this paper is to show how to construct non-homogeneous
multivariate Padé approximants, especially the denominators of these
approximants, to some functions which satisfy some comparatively com-
plicated functional equations. In order to avoid notational difficulties, we
will restrict ourselves to the case of bivariate functions. The generalization
to more than two variables is straightforward (see [4]).

We believe the results to be of interest because there are very few explicit
examples of multivariate Padé approximants. It is noteworthy that much
of the difficulty in finding explicit formulae for multivariate Padé
approximants lies in the determination of appropriate index sets for the
numerator and denominator polynomials. It is in the search for the latter
that much of the work of the paper lay.

We recall

DEerFINITION.  Let

Flx,y):= ) cxy, ¢;eC (12)

(i, ) eN?

be a formal power series, and let M, N, E be index sets in N x N =: N2 The
(M, N) non-homogeneous multivariate Padé approximant to F(x, y) on the
finite set E is a rational function

P(x, y)

[M/N]g(x, y):= (1.3)
00 y)
with polynomials
P(x,y):= ) a;xy’, a; €C, (1.4)
(i. )eM
O(x,y):= ) byx'y, b, eC, (1.5)
(i, )eN
and an interpolation set E, such that
(FO—P)(x,y)= )  d;xy/, d;eC (1.6)
(i, j) e NA\E
with
MCE, (1.7)

#(E\M)= #N—1 (1.8)
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and F satisfies the inclusion property:
(i, )€ E, 0<k<i, 0<i<j=(k])eE. (1.9)

The reader may find properties of non-homogeneous multivariate Padé
approximants discussed in Cuyt [2, 3].

We also need the standard ¢ analogues of factorials and binomial coef-
ficients. The g-factorial is

(1—¢"(1—g"""--(1-q)
(I—q)" ’

where [0],!:=1. Since (1 —¢")/(1—¢)=1+q+ --- +¢" ', it is clear that

[n],!:=[n]:= (1.10)

lim [n],!=n!. (1.11)

q—1

The g-binomial coefficient is

mq ~ m :[k].[?i'_k]. (1.12)

bug m =<Z> (1.13)

and as above

We note that

n

[T (¢"—g")=(=D)f g DPn—kN [k] (1—q)"  (1.14)

h=0
h+#k

We state our results and give examples in Section 2, and prove all the
results in Section 3.

2. RESULTS AND EXAMPLES

Our first main result deals with an interpolation set E that is triangular
in nature; the index set N defining the denominator is square, while the
index set M defining the numerator is the union of a triangle and a square;
in the case m > 2n, it reduces to a triangle. In the proof of Theorem 2.1, we
present diagrams of the interpolation, numerator, and denominator index
sets.
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THEOREM 2.1. Let m,neN, m>=n+1>1, and
Wi={(i, j:0<i+ j<m,i, j=0};
N:={(i, j): 0<i, j<n};
M:=Nu W,
E:={(i, j):0<i+j<m+n,i, j=0}.

Let qe C and F(x, y) be entire in C x C and satisfy the functional equation

Flgx, qy) = Ri(x, y) F(x, y) + Ro(x, ),

(2.5)

where R(x, y) is a polynomial of degree 1 in x and y, and Ry(x, y) is a poly-

nomial of degree at most 1 in x and y. Let

I(x, y):=

1 f F(tx, ty) dt
2mi e (TTj—o (2= ¢F)) 7"

where I is a circular contour containing 0, ¢°, q', ..., q", and let

_ k
W (w) = T _( )1,1)[”]' {’]j gk D2 Km )

):i= Y Wiq) HR a’x, q’y),
k=0

k—1 k—1

B(x,y):=Y, Wiq) Y, Ro(¢’x,q’y) [] Rilg'x. q'y)
k=0

Jj=0 i=j+1

S

Then
(i)  I(x, y)=A(x, y) F(x, y) + B(x, y);

(ii) Iix, y)= ),  d;x"y/, d;eC;

(i, )eNN\E

(i)  A(x, y)= ), a;xy’, a; €C;

(i, j)eN

B(X, y): Z b,'jxiyj, bEC,

ij
(i, jye M

(iv) McE and  #(E\M)> #N—1,

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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and then the (M, N) non-homogeneous multivariate Padé approximant to
F(x, y) on set E is

B(x, y)
A(x, y)

[M/N]g(x, y)=—

Remark. Here if we let

o0

Flx,y):= ) c;xy/, c; €C,

i, j=0
then B(x, y) can be expressed as
k—1

n k—1
B(x,y):=3 Wiuq) Y. Ro¢’x,q’y) [] Ri(g'x,q'y)
k=0 j=0

i=j+1

(=Dt ik rs
T ) g =k ) Y e Xy (215)
=0 /

q /n>0 r,s>0
Jo+ +j,,7m ! r+s=1

ExampLE 1. Let geC, |g|>1, and

s} k
=Y ¢ “J] T+q /x+q *xp). (2.16)
k=0

Then the functional relation for G(x, y) is

’e) k
G(gx, qp) Z Il O4g 7 x4+ g >+ 2xy)

j=0

k
—k 1—[ 1+q7j+lx+q—2j+2xy)

Jj=0

(1+qx+q Xy) +

HM8

k

0

k+1
=(I4+gx+q¢xp)+ Y ¢ * ' [] U+q 7" 'x+q Y xp)

k=0 j=0

=(I4+gx+¢xp)+q " Y (1+gx+q¢°xy)qg*

k=0

x [T (14+q x+q ¥xy)

=k

J

=(1+gx+¢°xp)+q (1 +gx+¢°xp) G(x, y).
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So
Ri(x, y)=q '(14+gx+¢>xy);  Ro(x, y)=1+gx+q°xy.

Now let N, M, E be defined as in (2.2), (2.3), (2.4), respectively, and let

n k
O(x, )= Wiq)g " [] 1+¢'x+s5"xy), (2.17)
k=0 j=1
n k k ) )
P(x,y):=Y Widq) > ¢’ ]_[ (14 ¢'x + g*xy)
k=0 =1 -
1 d” G(tx, ty)
+m!dﬂ"{nz_o<z—q">} y (218)

where W, (q) is defined by (2.7). Then by the theorem above, we have for
G(x, y)

[M/NT, (x, ) = — o8 2), (2.19)

As a preliminary to our second main result, we state some simple conse-
quences of a functional relation.

THEOREM 2.2. Let F(x, y) be entire in Cx C and satisfy the functional
equation

Flgx, qy) = Ry(x, y) F(x, y) +u(x) F(x, 0)
+0(y) F(0, y) + Ro(x, p), (2.20)

where Ry(x, y) is a polynomial of degree 1 in x and y, u(x) and v(y) are
polynomials of degree at most 1 in x and y, respectively, and Ry(x, y) is a
polynomial of degree at most 1 in x and y.

(a) Then

F(gx,0)=(R,(x,0)+u(x)) F(x,0)+v(0) F(0,0) + Ry(x, 0)
suy(x) F(x, 0) + ug(x); (2.21)
(R1(0, y) +uv(y)) F(O, y) +u(0) F(0, 0) + Ro(0, )
=:01(p) F(O, y) +vo( ). (2.22)

0, gy)



MULTIVARIATE PADE APPROXIMANTS 207

(b) For integers k> 1,

k—1 k—1 k—1
Fq"x,0)= <l_[ Ml(Q’X)> F(x,0)+ Y uo(g’x) [ wuilg'x)

j=0 j=0 i=j+1
= ul,k(x) F(x,0)+ Uy, (X); (2.23)
k—1 ) k—1 ) k—1 )
FIO, ¢y) = (n m(qu)) FO 9+ Y oola) ] wla)
j=0 j=0 i=j+1
=:v; 1(») F(O, y) +vg 41(¥). (2.24)

(c) For integers k=1,

F(q"x, ¢"y) =R, i(x, y) F(x, p) + Si(x, y) F(x, 0)

+ Tk(-x’ y) F(O’ y) +R0,k(x’ y)5 (225)
where
R (x,p) Z Ri(g'x, ¢’y), (2.26)
k—1 ) k—1 ) )
Si(x, y) =3 ulg’x)u, ;(x) [] Ri(g'x, q'y), (2.27)
j=0 i=j+1
k—1 ) k—1 ) .
Tu(x, y):= Y vig/y)v, ;(») [ Rig'x,q'y), (2.28)
j=0 i=j+1
and
k—1 )
Ro il(x, ¥) 1= 3 [Ro(q’x, ¢'y) +u(q’x) uo_; (x) +v(q’y) vo, ()]
j=0
k—1 ] ]
x |1 Rilg'x, q'y). (2.29)
i=j+1

(Here we set vy g=u; o:=1; vy g =1y ¢:=0.)

Now we can give explicit expressions for multivariate Padé approximants
to functions satisfying (2.20). Again our index set N for the denominator
polynomial is a square, while the index set M is a union of a triangle and
two rectangles; and the interpolation set E is a union of a triangle and a
trapezium.
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THEOREM 2.3. Let m,neN, m=(n+3)/2, n=0, and

U:={(i, j):0<i<m+2n,0<j<n}; (2.30)
Vi={(i,j):0<i<n 0<j<m+2n}; (2.31)
Wi={(i, j):0<i+j<m+2n, i, j>0}; (2.32)
N:={(i, j): 0<i, j<n}; (2.33)
M:=UuVUW; (2.34)
E:={(i, j):0<i, j<m+2n, i+ j<m+3n}. (2.35)

Let F(x, y) be entire in Cx C and satisfy the functional equation (2.20),
and let

1 F(tx, ty) dt
J( =— 2.36
(x’ y) 271'1.-[1*( Zzo(l_q/c))lil'l+2n+2’ ( )
where I is a circular contour containing 0, ¢°, q', ..., q" (see Figs. 1-4).
Let
(=" T\ ke —1)2 — k(m +3n)

! :: KK K(m n 2.37
(q) =gyl k4 ) (2.37)
R(x, y):= 3 Wilq) Ry i(x, p), (2.38)

k=0
S(x, y) =Y, Wilq) Si(x, ), (2.39)

k=0
T(x,y):= Y, Wilq) Ti(x, y), (2.40)

k=0

and
D(X, J’) = Z W.,l((q) RO,k(xa J’)
k=0
1 dmt2 ( Ftx, ty)

241
Tkl e S
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i A
m+2n
\Y
n
N U
i
0 n m+2n

Fig 1. Index set N for the denominator polynomial.

where R (x, y), Si(x, ¥), Ti(x, y), and Ry (x, y) are defined by (2.26) to
(2.29), respectively. Then

(i) I(x,y):=R(x, y) F(x, y)+S(x, y) F(x, 0)

T(x, y) F(0, y) + D(x, y); (2.42)
(i) I(x,y):= Z d[jxfy-f, d[jeC; (2.43)
(i, )) e N\E

(ii1) D(x, y) is a polynomial on the set W, R(x, y), S(x, y), and
T(x, y) are all polynomials on the set N, and we can set

S(x, y)= Y syxy/, s;€C, (2.44)
i, j=0
T(x, y):i= ) t;xy/, 1;€C; (2.45)
i, j=0
(iv) if we let
k
Fi(x,0):= 3 e, (2.46)
i=0
[ .
F(0, y):= ) co;)7s (247)
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m+2n

i+j=m+3n

0 m+2n

Fig. 2. Interpolation set E.

m+2n

» i

'

0 n m+2n

Fig. 3. Index set M for the numerator polynomial.
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0 m+2n

Fig. 4. Set E\M in conclusion (v) of Theorem 2.3.

and let
B(X y Z SljxyFm+2n l(x 0)
i, j=0
Z tiXV'Fy 5, 5(0, )+ D(x, y), (2.48)
then
B(x,y)= Y, b;x'y, b;eC; (2.49)
(i, j)eM
and

R(X, y) F(X, y)+B(X, y): Z eijx[yjs e[jEC; (250)

(i, j) e N\E
(v) McE and #(E\M)> #N—1, (2.51)

and then the (M, N) non-homogeneous multivariate Padé approximant to
F(x, y) on the set E is

[M/N]g(x, y)=—
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Remark. Again if we let

Flx, y):= Z Ci/xiyj,
i j=0

then D(x, y) defined by (2.41) can be expressed as

D(x,p):="Y Wi(q) Ry i(x, y)+(—=1)"+1 g rntDr
k=0

m+2n
Y (T ) ¥ e
1=0 Jop s Jp =0 r,s=0
]0+A“+j”=m+2;77[ r+s=1
and then B(x, y) defined by (2.48) can be expressed as
B(Xa J/) = Z Sijxiijerani(xf O) + Z tijx[ijer2n7j(O» y)
i, j=0 i j=0

k=0

+ 2 Wilq) Ro klx, p)+ (=11 gmnrrhz

m+2n
<Y (% =) T oy
1=0 J

¢, X'y (2.52)
05 s Sy = O r,s=0
Jo+ -+ jy=m+2n—1

r+s=1
ExampPLE 2. Let |g|>1, and

Flx, p)i= Y g 0+77Pxiy), (2.53)
i, j=0

This is a multivariate form of the partial theta function investigated in
[7]:

Flgx, qy) =

=

—(i+j+1)(i+_/'—l)/2xiyj+l

PR
q—U+])ﬂxJﬂ

(2.54)
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Similarly,
Fgx, qp)=1+q'?yF(0, y) + q'2xF(x, ). (2.55)
Equations (2.54) + (2.55):
F(gx, qy) =34"*(x + y) F(x, y) + 3¢'°xF(x, 0)
+1¢'?yF0, y)+ 1 (2.56)
so if we let
Ri(x, y)=13¢"*(x+y), (2.57)

and define M, N, E as in Theorem 2.3, then we can explicitly construct the
(M, N) non-homogenous multivariate Padé approximant to F(x, y) on the
set E. The denominator of [ M/N];(x, y) to F(x, y) is

k—1

R(x, )=y Wiq) [] Ri(a’x, q’y)

1 (—1)
(l—q)"[n]!kgo 2k

{’lj g R34k (2.58)

by (2.37).

ExampLE 3. Let |g|>1, [n]!:=[n],!, and

B(x, y) = 2 [l.?;]!. (2.59)

Then

Il

=
i—|vQN
~| T
+ | .
. | =
[

&
B
=
<

I
D18

(@—1)xy &
[i+j]! 2 i+
i 0 (q1+/ 1)xiyj

[z]' + ,; [i+/]!

(g—Dx" & & (g=1)xYy’
[1—1]1 U+ ZO /Zl [z+]—1]!+E(x’ y)

(g=Dx*1 & (g—1)xy/*!
(]! +Z [i+ /]!
1) XE(x, 0)+ (g —1) PE(x, ) + E(x, »)

=[14+(¢g—1) y] E(x, y)+(g—1) xE(x, 0). (2.60)

m M 17 00 G §

Ao
Qn.
|
_

+ E(x, y)

+ E(x, y)

Il
—
<
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Similarly,

Elgx, qy)=[1+(q—1)x] E(x, y) +(¢—1) yE(O, y).  (2.61)

So
E(gx, qy)=[1+3(g—D(x+ y)] E(x, y)
+3(g—1) XE(x,0) + 3(q — 1) yE(0, »). (2.62)
So if we let
Ri(x, y):=1+3(q—1)(x+p), (2.63)

and define M, N, E as in Theorem 2.3, then we can explicitly construct the
(M, N) non-homogeneous multivariate Padé approximant to E(x, y) on
the set E, and the denominator of [ M/N] . (x, y) to E(x, y) is

n k—1
R(x, y)= ) Wilq) |] Ri(¢’x, ¢'y)
k=0 j=0
1 ! n
— - (_1)k|: :| k(k—1)/2—k(m+ 3n)
T=gr Il 2, k| ?
k—1 ) )
x [T Ri(¢’x, ¢’y). (2.64)
J=0

Next we consider the same interpolation, numerator, and denominator
sets as in Theorem 2.3, with a different functional equation. There is over-
lap between the type of functions satisfying (2.20) and those satisfying
(2.60).

THEOREM 2.4. Let U, V, W, N, M, E be defined as in Theorem 2.3. Let
qeC, and

Flx,y):=F,(x,y):= ) ¢;xy/ (2.65)

i j=0

be entire in CxC and let it satisfy the following functional equation: for
integers u, v=0,

v

c(q, u, v) X"y Flg" " 'x, " y)

u—1 oo w v—1 u—1 v—1

_ A, y)—< Y Y4y Yy Y >c,,xfyf, (2.66)

i=0 j=0 i=0 j=0 i=0 j=0
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where ¢(q, i, v) #0 is a constant depending on ¢, u, and v. Let

(2.67)

Ix. y) = 1 j ( xX"y"F(tx, ty) dt

i (T _o (1 —¢5)) "7

where I is a circular containing 0, 4°, q', ..., q", and let W,(q) be defined by
(2.7) and

) = Z Wk(q) z a/ll’](cil(q9//t7 V) xnf,uynfv, (268)
k

u+v=~k

where o, € C are given by

Z a,uvk = 13 (269)
w+v=~k
and let
n n gm F(ZX, ly) }
B(x, y):= { (
g m' dr™ ot —=4") o
- Z Wk(q) Z oc,uvkcil(qa/'h V) xniﬂyniv
k=0 u+v=~k
u—1 m+n+v m+n+u v—1 nw—1 v—1
{O T S i o L L)
i=0 ;=0
Then

(i) A(x,y)F(x,y)+B(x, )= )Y  d;x"y/, d;eC; (2.71)

(i, ) e NAE
(ii) Alx,y)= Y a;x'y, a;€C, (2.72)
(i, )eN
B(x,y)= Y byxy, b;eC; (2.73)
(i, j)eM
(iii) M<E and #(E\M)> #N—1, (2.74)

and then the (M, N) non-homogeneous multivariate Padé approximant to
F(x, y) on the set E is

[M/N]g(x, y)= —M. (2.75)

A(x, y)
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The reader may find the presence of the arbitrary constants «,,; discon-
certing. This is evidence of the high degree of non-uniqueness or non-nor-
mality of the unreduced forms of the numerators and denominators of mul-
tivariate Padé approximants. See Cuyt [2] for a discussion of uniqueness
of the reduced form.

ExampLE 4. Let |¢| <1, and

oo}

Flx,p)i= ¥ qU+/0i=Ryly) (2.76)

i, j=0

Note that this is the same function as in Example 2, modulo an inversion
q — 1/q and a scaling of the variables x, y. However, we believe the alter-
native formulation is of some interest.

For u, v=0,

q(,u +v)(u+v—1 )/2xﬂva(q,u + vx’ q,u + vy)

(i+j)(i+j*1)/2+(ﬂ+V)(i+.i)+(#+v)(/t+V*1)/2x#+f v+j

Y

S

bQ/—\
T
~.
+
+
)
T
~.
+
®
+

<

|
<
N

“
&
+

~
<
+
~.

o0
— Z q"“)(’“*”/zx’y’

= F(x, y)—<ﬂ2 Y+ Z i —ﬂi i >ci,xfy«f. (2.77)

i=0 j=0 i=0 j=0 i=0 j=0

Then if M, N, E are defined as in Theorem 2.4, we can explicitly con-
struct the (M, N) non-homogeneous multivariate Padé approximant to
F(x, y) on the set E, and the denominator of [ M/N].(x, y) to F(x, y) is

A(x, )’)=Z Wilq) z O‘ﬂvkqi(ﬂ+v)(”+V7l)/2x"7”yn7V

= Z Wk(q)qik(kil)/z Z a’,uvkxniﬂyniv

0 u+v=~k

—_

_( [n]' Z 1)k|: :| —k(m+n) Z '(Xﬂvkxniﬂyniva
= prv=~k (2.78)

by (2.7), where «,,,, is defined by (2.69).
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Now if we let
A*(x, p) =g (1= q)" [n] A(x, p), (2.79)
then the denominator of [ M/N] . (x, y) to F(x, y) is
A*(x, p)=q*" " (1 —q)" [n]! A(x, )

2n(m+n)—k(m+n) n—p,n—yv
] q z oc,uvkx Y

u+v=~k

k

n
(_l)k |: :| Z a#qu(WIJrn)(an,u7v)xn7uyn7v

n+v==k

(_1)2;771\' |:Z:| Z oc,uvk

u+v==k

(m+n)(n7;1)+(m+n)(n7v)xn7,u n—v

xq Y

:éo[ﬂ 2 A =g )T (=g )" (2.80)

n+v==~k

We note that this result is very similar to the result obtained by P. Wynn
(see [1, 7]) for the one variable partial theta function:

T, (x):=Y, ¢V "x/, lq| < 1. (2.81)

j=0

The denominator of the (m, n) Padé approximant to 7 ,(x) is

Ro(0)= 3 M (—¢"x)  (m=n—120). (282)

Lubinsky and Saff have investigated the distribution of the zeros of R,,, ,,,
the Rogers—Szegd polynomials, in detail (see [7]) and proved some sur-
prising convergence results to 7,(x). We hope to provide a similar analysis
for the multivariate partial theta function along the lines of the results of
Driver [5, 6].

3. PROOFS

Proof of Theorem 2.1. (i) From the functional equation (2.5), we have
for k=1,
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Flg*x, ¢"y)=Flq-¢" 'x,q-¢"'y)
kfl kfl

=Ri(q" "%, ¢"'y) F(q" " 'x,¢" " 'y)+ Ro(q )
=R\(¢" "%, ¢" 'y) Ri(¢" *x, ¢ 2y)F(qk x, " %)
+ Ri(q" "%, ¢" 7 'y) Ro(q" 77X, " 7y) + Ro(¢* ~'x, 4" y)

k—1
< l_[ R](qjxa qu’)> F(X, J’)
Jj=0

k—1 k—1

+ 2 Rola'x.q’y) [] Rilg'x, q'y). (3.1)

j=0 i=j+1

Now by the residue theorem and (3.1),

Ix. )= 1 J( F(tx, ty) dt

i (T ot —45) !

n 1 m F
= ). Wilq) Flg"x, q"'y)+*d {W}
k=0 o

mldt™ (T1;_o(t—

n k—1
=), Wk(q)<l_[ R\(¢’x, q"'y)>F(x, )
k=0

k—1 k—1

+ Y Wilq) Y Rog’x,q%y) [ Ri(g'x,q"y)
k=0 j=0 i=j+1
ld”’{ F(tx, ty) }
m!dt" \TTi_o (t—4") ], —0

=A(x, y) F(x, y) + B(x, ).

This completes the proof of (i).
(i1) As F(x, y) is entire in C x C, we have the Taylor expansion of
F(x, y):

Flx,y)= Y ¢;x"y/, c; eC. (3.2)
(G, j)eN?
So
Fltx,ty)= ), ¢yt xy (3.3)
(i, j) e N2

From (2.6) we observe that the denominator in /(x, y) is a polynomial
of degree m+n+2 in ¢, and then any terms of F(zx, ty) of order less than
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m+n+1 in ¢ vanish on integration, so (2.11) holds. This completes the
proof of (ii).

(i) As Ry(x, y) is a polynomial of degree 1 in x and y, then

*~o Ri(¢’x, ¢’y) is a polynomial of degree k in x and y. Thus A4(x, y) is

a polynomial of degree » in x and y, i.e., (2.12) holds. Now we observe that

dm
W(Z/Hl:O:O’ l>m,
then
dm{ F(tx, ty) } .
e Y by byeC. (34)
dt k:o(l_qk) =0 (/,',j)zew ! !
Also

n k—1 k—1
Y. Wilg) Y, Ro(g’x.q’y) T] Rilg'x,q'y)
j=0

k=0 i=j+1

= Y bxiy, byeC (35)

(i, )eN

Then B(x, y) is a polynomial on the set M, i.e., (2.13) holds.

(iv) See Fig. 5 for n <m <2n and Fig. 6 for m > 2n.
4

m+n

>»

Fig. 5. Index sets M, N and interpolation set E (for n <m <2n).

0 n m m+n
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E
M
n
N
» i
0 n m m+n

Fig. 6. Index sets M, N and interpolation set E (for m >2n).

Now M < E is obvious, and

#W=#{(i, j):0<i+j<m,i, j>0}

(m+1)(m+2)
—

Forn<m<2n,ie,n+1<m<2n—1 (see Fig. 5),

m—nz=1 and 2n—mz=1,

and

—n)m—n+1
aM=pN+2. " ”)(”2/‘ ntl)

=m+1)P+m—n)(m—n+1)
=m>+2n>—2mn+m+n+1,

(m+n+1)(m+n+2)
2

#E=
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SO

#(E\M)=im+n+1)m+n+2)—(m>+2n*=2mn+m+n+1)
=3mn—1im*—3n* +im+1in
=mn — sm(m—n) + 3n(m—n)+ 3(m+n)
=mn+ Xm—n)(3n—m) + (m+n)
>mn+3n+1)+im+n) (by (3.6))
>(n+1)n+in+in+n)+35
>n’+2n
=#N—1.
Now for m >2n, we have N = M, and

E\M={(i, j:m+1<i+j<m+n,i j=0};

then

(m+n—|—1)(m—|—n~|—2)_(m+1)(m+2)

2 2

_n(Zm+n+3)
B 2
>n(5n+3)

2

#(E\M) =

(asm >=2n)
>n*+2n
_ N1 (3.7)
Then for all m>n+1,
#(E\M)> #N—1.
Combining (i)—(iv), we have

_Blx, y)

[MINY: (3, )= ==,

Finally as we let

8

F(X, y) = cijxiyjs

i, 0

<
Il
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and
1 n —1
- . :(_1)n+l —n(n+1)/2 1_[ < >
r_o(t—4") - q"
_(_1)n+1 n <i <l>j>
qn(n+1)/2 =0 \, o qk
(—1)m+! i sn
= GmE L T g,
q Jop Jis s Gy =0
then
Fix, ty)
szo(t_qk)
_ - (_1)n+1 SxTYS tlotiit -+, 3o kik
= ) PECERE Crs Xy )y q =0
r,s=0 Joo J1s o Jy =0
o (_1 n+1
_ ra,s JoFiid o Ay rAs =) K
- Z q;1(n+1)/2 Crs X'V Z [/0+/l+ T q k=0 /k’
r,s=0 Jop J1» w0 Jy =0
and
Ly Ao
mlde™ \TTZo (t—4") ) —0
(_1)n+] 7S, =30 ki
PP ) m! e, Xy ok
-q 1y 52 Jop on Jy 20
Fs+ o+ s+ jy=m
(_1)n+1 m i )
=R Z< > qzkokfk> XXy
q =0 oy >0 rs>0
Jo+ -+ g=m—1 r+s=1
and then
n k—1 k—1
B(x, y):= Y Wiq) ) Rolg’x,q’y) ] Rilg'x,q'y)
k=0 j=0 i=j+1
m n .
+ (=1 tg e Z( > qzko"’k> Y XY
1=0 j . Jy=o0 r,s=0
Jo+ - +jn—m7/ r+s=1

This completes the proof of Theorem 2.1. |
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Proof of Theorem 2.2. The assertions (2.21) and (2.22) follow by setting
x=0 and y=0 in (2.20), respectively. The assertions (2.23) and (2.24)
easily follow by induction of the functional equations (2.21) and (2.22).
Now we prove (2.25).

If we let R, ;, S;, T, R, , be defined by (2.26) to (2.29), then (2.20)
directly shows that (2.25) holds for k =1. From (2.20)-(2.22)

Flg°x, ¢°y) = F(q-9x, q- q))

= Ri(gx, gy)[ R(x, y) F(x, y) + u(x) F(x, 0)
+u(p) F(0, y) + Ro(x, y) ]+ u(gx)(uy(x) F(x, 0) + uo(x))
+ v(gy)(v,(y) F(0, y) +vo(¥)) + Rolgx, qy)

=Ri(gx, qy) Ri(x, y) F(x, y)
+ [ Ri(gx, qy) u(x) + u(gx) u(x)] F(x, 0)
+ [Ri(gx, qv) v(y)+ v(qy) vi(y)] F(O, y)
+ [Rolgx, qv) + Ro(x, ¥) Ri(gx, qv)
+ulgx) uo(x) + v(gy) vo(y)]

=R 5(x, p) F(x, y) + S5(x, y) F(x, 0)
+ T(x, y) F(0, y) + Ro o(X, p);

then (2.25) holds for kK =2. Now we assume that (2.25) holds for k=n>1,
ie.,
F(qnxa qny) = Rl,n(x9 y) F('x9 y) +Sn(xa y) F(X, 0)
+Tn(x> y) F(09 y)+R0,n(xs y)s (38)

where R, ,(x, y), S
(2.29). Then by (2.

n

(x, y), T,(x, y), and R,_,(x, y) are defined by (2.26) to
0), (2.23), and (2.24), for k=n+1,

Fq""'x,q¢""'y)=Flq-q4"x, q- ")
=R\(q"x, q"y) F(q"x, q"y) + u(q"x) F(q"x, 0)
+v(q"y) F(0, ¢"y) + Ro(q"x, 4"y)
=Ri(¢"x, ¢"y){ R, ,(x, y) F(x, y)
+8,(x, ¥) F(x,0)+ T,(x, y) F(O, y)
+ Ro (X, p)} +ulg"x)[uy (%) F(x,0) +up ,(x)]
+0(q"y)[vi (¥) F(O, ) +vo 4(¥)] + Ro(q"x, q"y)
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=R\(q"x, q"y) Ry (x, y) F(x, y) + [Ri(q"x, q"y) S,(x, y)
u(q"x) uy ,(x)] F(x, 0) + [Ri(q"x, ¢"y) T,(x, y)
+0(q"y) v1, ()] F(O, y) + [Ri(q"x, ¢"y) R, (X, ¥)
u(q"x) ug ,(x) +0(q"y) vou(¥) + Ro(q"x, ¢"y)].  (3.9)

Now
R(q"x, q"y) Rl,n(x’ ») =R, (X, »),
Ri(q"x, q4"y) S,(x, y)+u(q”X)u1,n(X)

T Rigx g'v) +ulq) uy (x)

i=j+1

=Ry( qquz (¢/x)u, ;(x

i u(g’x) uy_;(x) ﬂ Ri(q'x, ¢'y) +u(q"x) u,_,(x)

i=j+1

u(g’x)u, (x) [] Rig'x, q'y)

i=j+1

[0 1

J

:Sn+l(xa J’);

similarly,

Ri(q"x, q"y) T,(x, y) +v(q"y) vy (y) =T, 1(x, ),

and

Ri(q"x, q"y) Ry ,(x, y) +u(q"x) ug ,(x) +0v(q"y) v .(y) + Ro(q"x, ")
n—1
=R\(q"x,q"y) Z [Ro(q’x, ¢’y) 4+ u(q’x) uy ;(x)
+o(g) oo (0] 1 Ru(q'x g'v) +ulg"x) ug ()

i=j+1

+v(q"y) vo (¥) + Ro(q"x, q4"y)

=Y [Rolax ¢y) +ulg'x) o, () + ol vo (0] [] Rila'x. a)

i=j+1

=
+u(q"x) ug, ,(x) +v(q"y) vy () + Ro(q"x, q"y)

[Ro(q'x, ¢’y) +u(q’x) uy (x)+v(q’y)ve (»)] ] Ri(g'x, q'y)

i=j+1

M=

0

J

:RO,n+l(x9 y)
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Putting above three equations into (3.9), we have
F(qn+1xa q’1+1y):Rl,n+1(xs y) F(X, y)+Sn+1(xa y) F(X, O)
+Tn+l(xa y)F(O’ y)+RO,n+l(x5 y): (310)

ie., (2.25) holds for k =rn+ 1. By mathematical induction, we have that

(2.25) holds for all integers k > 1.
This completes the proof of Theorem 2.2. ||

Proof of Theorem 2.3. (i) By the residue theorem and Theorem 2.2,

_ F(tx, ty) dt
I(X, y) 2ﬂlf (Hk 0( k)) tm+2n+1

_ ¥ Flg“x, 4"y)
k=0 (HZ:O,h;ék (qk - qh)) qk(m+2"+ b

1 d”’””{ F(tx, ty) }
(Wl+2")' dt" " \TTi_o (1—4") ) 2o

Z W@ LR (¥, y) F(x, y) + Si(x, y) F(x, 0)

k=0

+ Ti(x, y) F(O, y) + Ro i(x, y)]

1 dm”"{ F(tx, ty) }
(”74‘2”)'dfn+2n ITi_o(z ql) =0

=R(x, y) F(x, y) + S(x, y) F(x,0) + T(x, y) F(0, y) + D(x, y).

Parts (ii) and (iii) are obvious.

(iv) From (i) and (iii),

I(x, y)=R(x, y) F(x, y) + S(x, y) F(x, 0) + T(x, y) F(0, y) + D(x, y)

:R(X, y) F(xa J/)“‘ Z s[jx[ij(x,O)

i, j=0

Z t;x'y'F(0, y) + D(x, y)

oo}

=R(x, p) F(x, y)+ B(x, y)+ Y, s;x'y’/ Y Crox”

i, j=0 k=m+2n—i+1

[e o]

+ Y pxy Y e (3.11)
P

=0 l=m+2n—j+1
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where B(x, y) is defined by (2.48). Now as D(x, y) is a polynomial on the
set I, and

n n m+2n—i
iy — iy, J k
Z SijxyFm+2n7i(xa 0)_ Z Sijxy Z CkOX
i, j=0 i, j=0 k=0
n m+2n—i
_ j k+i
= Y sy Y crox
i, j=0 k=0

Yo uyx'y’, u, €C, (3.12)

(i, heU
and similarly
Z tijxiijerZ;flfj(O? y)= Z Uijxiyj9 U[jECy (313)

i, j=0 (i, ))eV

then B(x, y) is a polynomial on the set M, i.e., (2.49) holds. Now in (3.8),

n o0 n o0
i j k_ j ke
Y suxly Y CroX =Y s, Y Choi0X
i, j=0 k=m+2n—i+1 i, j=0 k=m+2n+1

= Y Y gy, g;eC, (3.14)

i=m+2n+1 j=0

n o0 n o0
i 1_ i I
Y Xy > coy'= Y t;x Y Co,1—;Y
Lj=0 I=m+2n—j+1 i, j=0 I=m+2n+1
n o0

=Y Y X, h;eC, (3.15)

i=0 j=m+2n+1

and from (ii), I(x, y) involves only term x’y’ with (i, j) e N?\E; then we
have

R(x, y) F(x, y)+ B(x, y)= z eiixiyja e; €C.

(i, e NAE
This completes the proof of (iv).
(v) M < Eis obvious (see Figs. 1 to 4), and
E\M={(i, j):i,j>n+1,m+2n<i+j<m+3n}

={(i,j):i,jzn+1l,m+2n+1<i+j<m+3n},
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SO
=#{(0, j):i, j>lLm+1<i+j<m+n}
=l m+n)(m+n+1)—tmm+1)
=in(2m+n+1)
>n’+2n
—#N—1,
provided
! 3
SHm 4 1) = (P 4+ 2m) 20 m =" (3.16)

As we assumed this, we have the result.
Combining (i)—(iv), we have for F(x, y),

_B(x, »)
R(x, y)

[M/N]g(x, y)=

Similar to the proof of (2.15) in Theorem 2.1, we have (2.52).

This completes the proof of Theorem 2.3. |

Proof of Theorem 2.4. (1) By the residue theorem and the functional
equation (2.66),

n xnynF(qu’ (]ky xnyn dm { F(tx, [y) }
t=0

I(x’ y): n 1 K(m m n
kgo(l—lh:o,h;ék(qk*ql))ql( O ml dt Hk:()(t—qk)

= Z Wi(q) Z i XY XY (X, g y)
k=0

u+v=k

wwdm{ Fx, 1) }
m! dt" \TTp_o (t—q") S, —0

= Z W}\(q) Z O('yvkcil(qs M, V)X -
k=0

u—1 oo w v—1 u—1 v1>

x{F(x,y)—<Z YHY YoY%

i=0 j=0 i=0 j=0 i=0 j=0

x"y" d" F(ix, t
b4 { ( y) }
t=0

ml dt" \TTi_o (t—q")
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= Z Wl»(q) Z O(,uvkcil(qa M, V) xnf,uynva(x’ y)
fe=

u+v=k

- Z Wk(q) Z a’/tvkcil(qs/“h V) xniﬂyniv

k=0 u+v=~k

u—1 m+n+v m+n+pu v—1 u—1 v—1 o
LMD S i i PR

i=0 i=0 j=0

— Y Wilq) Y e g pmv) XYY
k=

u+v==~k
w—1 [’} oe] v—1 o
(T Y o+ T e
i=0 j=m+n+v+1 i=m+n+pu+1 j=0
+x”y"d'”{ F(tx, ty) }
m! dt™ \TTi_o (t=4")] =0
:A(x’y)F(xay)+B(x9y)_D(xay)) (317)

D(x, p):i=3 Wiq) Y e (g pv)x" #y" "

k=0 u+v=~k
w—1 [’s) [S’s] v—1 u—1 v—1 o
(T T o+ T T-T T e
i=0 j=m+n+v+1 i=m+n+u+1 j=0 i=0 j=0 (318)
SO
A(x, y) F(x, y) + B(x, y) =I(x, y) + D(x, y). (3.19)

From (2.67) we observe that the denominator in I(x, y) is a polynomial
of degree m + n + 2. Then any terms of F(zx, ty) of orderless than m +n+ 1
in ¢ vanish on integration, so

I(x, y)=x"y" Y e x'y/, e; €C

i+j=m+n+1

DY, eRxly/, efeC, (3.20)

(i el

where

I:={(i, j):i,j=ni+j=m+3n+1}, (3.21)
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and

Now from (3.18), we have
D(x, y)=

where

I N?\E.

> hyxyY, h,eC,

(i, ))eD

D:={(i, j):0<i<n, j=m+2n+1}

U{(i, jizm+2n+1,0<j<n},

and

D cN?\E.

Combining (3.19), (3.20), and (3.23), we have (2.71).
This completes the proof of (i).

(1) (2.72) is obvious. We know that
dm” { F(tx, ty) } -
T YT . e = q; X'y,
d[ Hk:o(tiqk) =0 0<i+2j<m Y
then
xnyn dm{ F(ZX, Zy) } iy, ]
m n k = giX)
m! dt k:o(t_q]) t=0 (i’_];sw ’
Now

Z Wi(q) Z

u+v==k

Z v,-jxiy"',

(i eV

i Wilq) Z

0 u+v==~k

-3

(i, )eU

i Wi(q) Z

c=0 u+v==k

-3

(i, ))eN

irJ
u;x'y’,

.
n;x'y’,

oc,uvkcil(q’ M, V) x"*/lyn*\’ Z

u—1 m4+n+vy

a#vkcil(qa My V) xnf,uynfv z Z CyXx
i=0  j=0

v;; €C,

m+n+pu v—1

u,eC

ij )
w—1 v—1
i=0 j=0

n,,eC

i .

Combining (2.34), (2.70), and (3.27)~(3.30), we have (2.73).

gijEC;

> Xy’

greC.

i

y./'

Oy € (o s ) X" TEYITY N Y Xy
i=0 =0
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(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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g

This completes the proof of (ii).
Part (iii) is the same as (v) in Theorem 2.3.
This completes the proof of Theorem 2.4. ||
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